Blocking in All-Optical Networks

AshwinSridhaan?¥ andKumar N. Sivaajan ¥Y
StudentEEE Membey IEEE Member

Abstract— We presentan analytical technique of very low com-
plexity, using the inclusion-exclusionprinciple of combinatorics,
for the performance evaluation of all-optical, wavelength divi-
sion multiplexed networks with no wavelength corversion. The
technique is a generalized reduced-load approximation scheme
which is applicable to arbitrary topologiesand traf c patterns.
One of the main issuesin computing blocking probabilities in all-
optical networks is the signi cant link load correlation intr oduced
by the wawelength continuity constraint One of the models we
proposetakesthis into accountand givesgoodresultseven under
conditions with high link load correlation. Through numerous
experimentswe show that our modelscan be usedto obtain fast
and accurate estimates of blocking probabilities in all-optical
networks and scalewell with the path length and capacity of the
network. We also extend one of our modelsto take into account
alternate routing, in the form of Fixed Alternate Routing and
Least Loaded Routing.

I. INTRODUCTION

Wavelengthdivision multiplexing is a promisingtechnology
which, in conjunction with wavelength routing, is making
optical networks with hundredsof nodesand throughputof
the order of Gbs/secper node practical. This is because
wavelengthroutedall- optical networks, in conjunctionwith
WDM, offer wavelengthreuseand remove the electro-optic
bottleneck. In this work we consider circuit switched all-
optical networks sincethey are a naturaloutcomeof current
WDM technology[13]. Circuit (or lightpath) requestsarrive
at randomand are assigneda free wavelength (if available)
on eachlink of the path they use for the duration of the
request.A common metric of performancein corventional
circuit-switchednetworksis the call blocking probability, that
is, the probability that a call cannotbe acceptedTelephoty
networks set up and tear down voice circuits over the order
of minuteswhich makes blocking probability an important
metric. In all-optical networks, lightpathscarry dataat speeds
of Gb/s and are set up or torn down over the order of
weeksor monthswhich is a muchlargertime scale.However,
blocking probability canstill be areasonablenetricfor optical
networks. This is becausewith growing trafc, lightpaths
in the US and Europe are being leasedfor varying time
durations.Hencea wavelengthis increasinglybeing viewed
asa circuit. Thereis alsoa thrustby equipmentvendorsand
service providers in developing standardssuch as GMPLS
[3] which would enableclient IP routersto requestand tear
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down lightpathsin the optical corebackboneln this scenario,
wavelengthsarevery similar to circuits. More importantly, the
blocking modelis still applicableover the order of holding
times (thoughit now takeslongerto reachsteadystate)and
blocking probability computationscan be usedto dimension
network and link capacitieswhile taking into accountthe
dynamicsof lightpath requests.These obsenations suggest
that blocking probability is still a useful metric in analysing
the performanceof optical networks.

In the contet of assigninga wavelengthto the lightpathre-
guest,the two differentfunctionalaspectof wavelengthrout-
ing comeinto play. If the nodeshave wavelengthcornversion
capability the requestcan be assigneddifferent wavelengths
on eachlink of the path used.In such a situation, the all-
opticalnetwork reducego a standarcircuit switchednetwork.
However, if the nodescannotdo wavelengthcorversion,the
requesimustbe assignedhe same wavelengthon all thelinks
of the pathused.This is known asthe wavelengthcontinuity
constaint and makes networking in the all-optical domain
signi cantly differentfrom corventionalcircuit switchednet-
works. Clearly, networks with wavelength changershave a
lower blocking probability comparedo thosewithout because
they only requiresomewavelength(which canbe different)to
be free on eachlink of the path, whereasnetworks without
changersequirethe same wavelengthto be free on all the
links of a pathin orderto honor a request.Henceit would
be desirableto have wavelengthcorverterson every nodein
a network. However, wavelength corvertersare still in the
experimentalstageand are likely to remain very expensve,
if implemented.Hence it is important to quantify the call
blocking performanceof optical networks without wavelength
corversion.

Researchhas shavn that the wavelengthcontinuity con-
straint introducesload correlationbetweenlinks, andthatthe
blocking in the network is affectedby the type of wavelength
assignmentnd routing schemeused.Models for the rst t
wavelengthassignmenschemehave beenproposedn [6]-[8].
They however useversionsof the over ow trafc modeland
areapplicableonly whenthe numberof wavelengthsaresmall.
Variousschemeghat combinethe wavelengthassignmenand
routing problemhave beenproposedandstudied,[2], [5], [8],
[11] and[10] beingafew in our notice. The readeris referred
to [7] for a review of theseschemesand their effectiveness.
A boundon the carriedtrafc in an arbitrary network by any
RWA algorithm was derived in [14]. The boundis however
only asymptoticallyachievable.

Analytical models for analyzing the performanceof op-
tical networks with random wavelength assignmentand no
wavelength changershave been proposedin [1], [2], [16],



[19],[20], and[18]. In [1], Barry et al. proposedan analytical
modelto studythe effectivenesf wavelengthchangerstak-
ing wavelengthcorrelationinto account.However the model
doesnot take into accountthe dynamicnatureof the traf c.
The model proposedby Subramaniunet al. [16] takes both
dynamictrafc and wavelengthcorrelationinto accountand
hasbeenshown to be accurateeven for sparsenetworks like
rings. Moreover, the model has a moderatecompleity. It is
however applicablein the strict senseonly to networks with
uniform trafc and regular topologies.In caseof irregular
topologiesandtraf ¢ distributions, only ensemblesre used.
Another model proposedby Birman [2] usesa reducedload
approximationapproachalong with state-dependenarrival
rates. The model is showvn to be good for small networks
where multi-link trafc is not appreciableand is applicable
to arbitrary topologiesand trafc patterns.The model has
also beenextendedto incorporateFixed Alternateand Least
Loaded Routing. It is however computationintensive, with
the compleity growing exponentially with the number of
hops and does not take load correlation introducedby the
wavelengthcontinuity constaint into account.Hence it is
tractableonly for small densenetworks. A model proposed
in [19] by Zhu et al. and further developedin [20] and
[18] usesa modi ed time reversibleMarkov chainto account
for link correlation. The modelis accurateand applicableto
arbitrary topologiesandtraf ¢ patterns.However, the models
we develop in this paperare simplerwith lower computation
overheadwhile still yielding good quality results.The reader
is referredto [12] and [7] for a review of theseanalytical
models.

Futurewide areanetworks are mostlikely to be all-optical
networks with tens,if not hundredsof nodes,connectedin
an arbitrary fashion with a large number of wavelengths
per ber. Hencewe require a techniqueapplicableto arbi-
trary topologieswhich is computationallytractable,and also
givesreasonablestimatef blocking probabilitiesfor design
purposesand the analytical study of issueslike bene ts of
wavelengthchangersalternaterouting etc. With this goal in
mind we proposetwo techniquesin this paperwhich have
a very low compleity of calculationand are applicableto
arbitrarytopologiesandtraf c patternsThe modelsscalevery
well with path length or capacity of a link (in number of
wavelengths)and useonly simple computationswhile giving
remarkablyaccurateresults.In orderto reducethe complexity
of computationsye have usedthe inclusion-eclusionprinci-
ple from combinatoricgo obtain simple expressiondor path
blocking and improve their accurag by incorporatingsome
simple heuristics. We use the reducedload approximation
scheme([4]) to accountfor arbitrary trafc patternsand
topologies.The rst techniqguemakes the link independence
assumptiorand is called the Independencélodel Estimates
from this model are reasonablevhenthe network is denseor
end-to-endraf ¢ is negligible, but overestimatesigni cantly
whenthe multi-hop lightpathshave appreciabldrafc andthe
network is sparse.In fact, we shav that the estimatesare
sameas thoseobtainedin [2], but without the bottleneckof
exponentialcompleity (the compleity scalespolynomially
only with the capacityof the link). To accountfor wavelength

correlationwe proposeanothemodelwhich we call, naturally
the Correlation Model We show that this modelis accurate
even for sparsenetworks which have signi cant link load
correlation.We then extend both modelsin orderto analyse
Fixed Alternate Routing and LeastLoadedRouting.

The rest of the paperis organizedas follows. In Section
Il we outline the basicnetwork andtrafc assumptionsised
throughoutthe paper We presentthe Independencéodel in
Sectionlll andthe CorrelationModel in SectionlV. We then
usethemto analyzethe Fixed Alternate Routing schemein
SectionV andLeastLoadedRoutingin SectionVI. We present
our resultsin SectionVIl and concludein SectionVIIl.

Il. NETWORK AND TRAFFIC MODEL ASSUMPTIONS

In this sectionwe statethe assumptionsaboutthe network
andtrafc thatareusedin the modelfor calculatingthe path
blocking probability of an optical network with no wavelength
changersAll assumptionstatedherearevalid throughouthe
paper

A. Assumptionsegarding the Networkand Offered Traf c

1) Thenetwork consistof J links connectedn anarbitrary
fashion.

2) Eachlink hasthe sameC wavelengths

3) Calls for a node pair S arrive accordingto a Poisson
with rate g

4) The duration of eachcall is exponentially distributed
with unit mean.

5) A call canbeaccommodatedn arouteonly if thesame

wavelengthis free on all the routes.Thatis, we assume

that the optical network doesnot have anywavelength

changers.

The wavelengthassignedo a routeis chosenrandomly

from the setof freewavelengthsThis assumptiommakes

all wavelengthsidentical andthe analysistractable.

We assumehatwavelengthoccupang on disjoint routes

areindependendf eachother

We now justify someof our assumptionsAs mentioned
previously, the practicalutility of blocking probability compu-
tationsliesin usingthemto dimensiometwork/link capacities.
This usually requiresrepeatedblocking probability computa-
tions. Hencewe needa model that is not only accuratebut
fasttoo. Simulationsprovide moreaccurataesultsbut aretoo
time consumingto be of practicalusefor large networks with
large capacitiesin the samecontext, the impactof wavelength
assignmenalgorithmson network dimensionings not signif-
icant. Hencea wavelengthassignmenthatis moreamenable
to analysiswould be bettersuitedthan "superior” wavelength
assignmentdjke rst-t, which areanalyzedthroughsimula-
tions. After the network is dimensionedpnecouldstill usethe
superiorwavelengthassignmentlgorithmsduring operation.
Thisis the samereasonwve make assumptionaboutthearrival
trafc pattern and holding times. They make the problem
amenablgo analysisand provide a reasonablygood estimate
of blocking probability for network dimensioningeventhough
actualtraf c may not sharethe samestatisticalproperties.
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B. Trafc Model

We assumethat the idle wavelengthdistribution on a link
can be describedby the state dependentouting model rst
proposedn [9] anddevelopedin [17]. The samemodelis also
usedin [2]. Below, we describethe modelandits assumptions.
Let Zr betherandomvariablerepresentinghe numberof free
wavelengthson route R .

Let X; be the randomvariable representinghe number of
free wavelengthson link j . Let

g (m)=PrfX; = mg

be the probability that exactly m wavelengthsarefree on link
j . The randomvariablesX; are assumedo be independent,
thatis

am)= " g (m;) (1)

j=1

Following [17] we assumethat, given exactly m idle
wavelengthson link j, the time until the next call setupon
j is exponentially distributed with parameter ; (m). It then
follows that the numberof idle wavelengthson link j canbe
thoughtof as a birth-deathprocessWe then have

_C(C 1)(C m+1)
qm= i) @)z (m) g (0) 2)
where
= " x C(C 1)(C m+ 1)I 1
i m=1 i) ) (m) (3)

The call setup rate is a function of the routing scheme
used.We assumex ed routing in this sectionand the next
two sectionsalso. This meansthat eachnode-pairhasexactly
one pre-determinedoute. If an arriving call doesnot nd a
free wavelengthon this route, it is blocked andlost.

For x edrouting the call setupratewhenthereare exactly
m idle wavelengthson link j is obtainedby combiningthe
contritutionsfrom all the requeststreamsthat have link j as
their member This expressionwas rst obtainedfor an all-
optical network in [2].

j(m) = 0x if m=0
= rPriZg > 0j X; = mg
R:;j2R
=1;2:::;C (4)

Typically, in a network, the blocking probabilities and
arrival ratesto a link are coupledto eachother by the fact
thatthe blocking determineghetrafc carriedby the network
and the carriedtraf ¢ in turn determinesthe blocking. This
leadsto a setof couplednon-linearequationswhich mustbe
solved to obtainthe blocking probabilities.The usualscheme
implementedin most analyseds solution by iteration and is
the one usedin this papertoo.

I1l. THE INDEPENDENCE MODEL

In this sectionwe presentthe techniquefor calculatingthe
blocking probability along a path from the link distributions.
The probability that a call traversinga route R consistingof
asinglelink j (say)is blockedis simply given by

Br = g (0) (5)

which is the probability that thereis no idle wavelengthon
link j.

In orderto calculatethe blocking probability for a multi-
hop pathwe introducethe following randomvariable:
Let Y;; be the randomvariable denotingthe stateof wave-
lengthi onlink j.

De ne
Yy = 0 if wavelengthi is free on link j,
Yi;, = 1 if wavelengthi is usedon link j.

From the assumptionof randomwavelengthassignmentywe
then have the probability that a xed setof i wavelengthsis
freeonlink j givenby

x m
PrfYy; =0, :: Y = 0g= g(m)—&—: (6
m=i i
This may be seen as follows. Since we assumerandom
wavelengthassignmentgivenexactly m wavelengthsarefree,

each of the possibleset of m free wavelengthscaln occur

(be chosen)with equal probability, which is, . Now,

we requirethat our xed setof i wavelengthsbe amongthe
set of m free wavelengths.This implies that the remaining
m i wavelengthsmustbe chosenfrom C i wavelengths,

which can happenin ways. Hence, the probability

that, given exactly m wavelengthsare free, a xed setof i
wavelengthsis amongthem,is

On simplifying, this reducego,
We denoteby

ij =PrfYiyj =0 Y =0;.. Y% =09 (7)

the probability that a x ed set of i wavelengthsis free on
link j . Note that sincethe wavelengthsareidentical by virtue
of the assumptiorof randomassignmentthe actualsubscript
ki in Yy, doesnotmatter All werequireis thatthesetcontain
i wavelengths.In other words, all setsof i wavelengthsare
equallylikely to be free.

Now, the probability that a multi hop-route R (say) is
blocked is the probability that thereis no wavelengthwhich

is free on all the links usedby R. We have
Br=PrfZr=0g=1 Prfzg > 0g:

Let g betheprobabilitythata xed setof i wavelengthds free
on the route R. Then, from the inclusion-eclusion principle



and the assumptionof random wavelength assignment,it
follows that
PrfZg > 0g= )l < g:
i=1 J

For notationalcornveniencewe describen detailthe method
of calculationof g; for a two link path consistingof links A
andB . Themethodis readilygeneralizedor pathswith higher
hop-lengths.

For the two link path

g = Pri(Ypa = 0; Yy = 0);(Y2a = 0; Y28 =

Usingthe assumptiorthatthe setsof wavelengthson links are
independentl), we have

or, from (7)
9= ia-iB -
Themethoddescribedaboseimmediatelygeneralizeso higher

hop lengths.The probability thata call is blockedon a H —hop
route R is given by

Br = PrfZr = 0g=1 PrfZg > Og (8)
where
— i1 C
PrfZg > Og = (1 i g 9)
i=1
andg; is given by
Y
g = ij - (10)
jij2R

A. Calculationof StateDependentArrival Rates

The otherpart of the blocking computationis to derive the
arrival rateof trafc atalink j givenm wavelengthsareidle,
thatis ; (m). The arrival rate of a requeststreamfrom route
R to link j, giventhatthereare m wavelengthsfree on link j,
is givenby (4) as

fm) = 0ifm=0
R:PrfZg > 0jX;=mgm= 1,2:::C

where

j(m) = R(m):

jij2R

If the route consistsof a singlelink thenthe probability term
is clearly 1 for m 6 0. Thetermfor a multi-hop pathmay be

calculatedasfollows.

xXn
( 1)| 1 c
i=1

PriZg > 0j X; = mg= g (Xj = m)
(11)

where g (X; = m) is the conditional probability that a set

of i wavelengthsis free on the route R given exactly m
wavelengthsarefree on link j . It may be calculatedas
Y m
ik &
k:k2R;k 6 j i

Gi(X; =m)= (12)

m
becausePrfYy; = 0; :: ;Y = 0jX; = mg= -
Note thatthe summationin (11) runsonly up to m sincem
is an upperboundon the numberof free wavelengthson the
path.

B. Algorithmfor Computatiorof Blocking Probabilitiesin the
network

As mentionedin Sectionll, we needto solve a setof non-
linear coupledequationsto obtain the blocking probabilities.
Thoughit is not clear whethera x ed point exists for this
systemof coupled equations(and if it doeswhetherit is
unique),in practicethe methodof solutionby repeatedsubsti-
tution corvergesin afew iterationsfor a variety of topologies.
The methodof repeatedsubstitutionto solwve for the blocking
probabilitiesmay be implementedas follows:

Let Br bethe probability thata call for routeR is blocked

1) For all routesR initialize B to zero.Fgrj =1;:::;d

initialize (0) =0 and ;(m) = R, M =
R:;j2R
1;:::C.
2) Determinetheidle capacitydistribution of all links g; (.),
j = 1;:::;J3 using(2) and (3).
3) Calculate j, for all links, j = 1;:::;J andm =

5) CalculateBg for all routesusing(5) if it is a singlelink
and (8) and (9) and (10) for a multi-hop path.
If maxg j Br R j< thenterminate Elselet Bk =
Br , goto step2.

IV. THE CORRELATION MODEL

As will be shovn in SectionVIl the independencenodel
presentedin the previous section gives good results for
dense networks but overestimatesthe blocking probability
signi cantly for sparsenetworks like rings. This is because
it does not accountfor load correlation introducedby the
wavelengthcontinuity constraintbetweenadjacentinks. That
is, it assumeghat statesof setsof wavelengthson adjacent
links are independentwhich is clearly not true when the
network is sparseln sparsenetworkslik e rings, the numberof
choicesfor a routeis small. Hencecalls tendto staytogether
over alongersetof links leadingto increasecatorrelationsince
they usethe samewavelengthon all the links.

In this sectionwe extend the independencenodel to take
this correlation into account. The trade off for accurag
however is that the compleity of calculationincreasesBut
aswill be seeniit is still very amenablego computations.

The network and trafc assumptionamadein Section Il
remain the same. All the notations and variablesused in
the previous sectionretain their original meanings.We also
assumethat the parameters j; may be calculatedas before,



using (6). The point of departurefrom the previous model
is that we no longer make the assumptionof unconditional
wavelengthindependencenade previously while calculating
the blocking on a multi-hop pathR . Insteadwe malke a set
of wealer assumptionss describedbelow:

Al. The stateof a wavelengthi on link j is independent
of the stateof someother wavelengthk onlink j 1,
given the stateof the samewavelengthi on link j 1,
or the stateof wavelengthk on the samelink j.
More formally,

Y;j is independendfYy; 1 k6

i given Yyg; or Y o oa:

The intuition behind our assumptionis as follows. Be-
causeof the wavelength continuity constraint,if there
is signi cant multi-hop traf c, the stateof a wavelength
i on somelink j is more likely to be affected by the
stateof the samewavelengthon a previous link thanary
other wavelengthon the previous link. Similarly, if the
amountof multi-hop trafc is not signi cant, links can
be treatedindependenthandthe stateof wavelengthi on
alink j is morelikely to be affectedby the stateof the
wavelengthson the samelink j . By combiningthesetwo
caseswe obtain assumptiorAl which tries to caterfor
caseswherethereis signi cant link load correlationand
also caseswvherelinks canbe treatedindependently
A2. On a givenroute,the stateof a wavelengthon a link
j is independenbf the stateof the samewavelengthon
previous or successie links of the route, given the state
of the wavelengthon link j 1. More formally,

Yi; is independendfYix j 6 k given Y 1:
AssumptionA2 is basedon the intuitive ideaof locality,
that is, a wavelength on some link j is more likely
to be affected by the state of the wavelengthon links
neighbouringj than links than are far away. By using
A2, we can computethe blocking of multi-hop paths
iteratively.

The probability of blocking on a multi-hoprouteR is given
asbeforeby

PrfZr = 0g=1 PrfZg > Qg

where

(S
i=1 I
andthe g; sretaintheir usualmeaning.

We now departfrom the techniquein the previous Section
in thatwe derive a new expressionfor calculatingg; .

For clarity of expositionwe shall rst derive the expression
for g on a two link path. The expressionscan be easily
generalizedor higher hop-lengthpaths.Considera two link
pathR (say)over links A andB. We have

PrfZg > 0g= PrfZgr > Og=

Prf(Yia = 0; Yy = 0);:::
(Yza = 0; Y2 = 0);(Yia = 0;Yig = 0)g:

g =

Using the chain rule and assumption(Al) this may be
simpli ed to

Prin;A = O] Yi LA = 0::
21iPrfYya = 0j Yis = 0 i

Ya = 0;Yig = 0g
(13)

Yia = 0;Yig = Og

g =

The term PrfYia = 0jY; 1.4 = 0:::
canbe further simpli ed asfollows.
De ne the following new variables

©)

pj 1= PriYiy =0jY 1= 0g (14)

and
1)

i (15)

1= Pl’in;j = OjYi;j 1= 1g:

Note that the j(.} , S' do not dependon the wavelength
index i sinceall wavelengthsare identical.
Also de ne

ij ifi=1
- i

i1

Obsere that ;; is the conditional probability of

wavelengthi being free given thati 1 other wavelengths
arefree. Thatis

otherwise

(16)

i = PI’in;j = Oj Yl;j =0 Yz;j =0;...Y] 1 = Og:

The above de ned termsalong with assumption(Al) and

Bayesrule allows us to write, after somemanipulation,
Prin;/_\ = O] Yi LA = O:::Y]_;A = O;Yi;B = Og:

©)

B:A GA

17)
Oa iat Fa:@ i)
Substituting(17) in (13) yields
Y S
g = o BA @ - Sis s (18)
k=1 BA kAt Al Kka)

A. Estimationof the Correlation Coefcients

We have introducedtwo new parameters ]( f , and (1) 1
which characterizehe load correlationbetweentwo adjacent
links. The samecorrelationcoefcients were rst obtainedin
[1] and derived againin [15]. We now proposea methodto
calculatethesecoefcients for arbitrarytopologiesand under
generaltrafc patterns.

Let P,(') be the probability that a sessionoccupying wave-
length onlink j doesnot continueto link j + 1.

De ne anew call onj to beonewhich doesnot passthrough
linkj 1. Let P{) bethe probability thata new call occupies
wavelength onlink j. Then

©0)

pio1 T PriY; =0jY; 1=0g=(1 Prgj))
(19)
11 = PriYy =0jY; 1=1g
=pl Ya P

(20)



This may be explainedasfollows. ]-(;Oj) 1 is the probability
thatwavelength is freeonlink j giventhatit is free on link
j 1 Thisis simply the probability thatno new call arriveson
wavelength onlink j which by de nition is 1 P, -(;-1) 1
is the probability thatwavelength is freeonlink j giventhat
it is usedonj 1. This is the probability that wavelength

is usedonj 1 by a sessionthat doesnot continueto
link j andthatno new call arriveson wavelength on link j
whichis P! D1 P{). we notethatwe hase madeuseof
assumptiom2 in deriving theseequationswhereby we have
eliminateddependencef link j onall links butj 1. _

Hencethe correlationcoefcients areactuallyPl(J ) andp))
which arethensubstitutedn a suitableform to obtainthe nal
expressionfor g;.

P may be calculatedas

pir= G120 (21)
i
where
0= j (m):q (m) (22)
m=1
is the averagearrival rate of trafc to link j and
~(; k) = i (m):q (m) (23)
R:;j2R M=1
k6R

is the rate of acceptedrafc which passeghroughlink j but
doesnot passthroughlink k.

Thus, we model Pl(‘) as the ratio of arrival rate of trafc
to link j thatdoesnot continueto link j +1 to the total traf ¢
arriving at link j which is a reasonableapproximation.We
calculateP{!) as follows. Let j be the probability that a
wavelengthis busyonlink ji.e ; is ameasuref wavelength
utilization of link j. Then

pp = 011 (24)
i
where j is givenby

i=1 Prf Yl;j =0g=1 1; - (25)
HenceP is the probability that the wavelengthis in use
on link j andthe sessionusingit is one that arrives without
passingthroughlink j 1, ie., a new session.
Substitutingfor jf?) , and ]_(;j1) , from (19) and (20), the
expressionfor g may be written as
— Y KA .
gi - (A) iB -
k=1 kA TP ka)

(26)

Obsene thatif we put Pl(A)zl, g reducego the expression
obtainedin the Independencenodel presentedn the previous
sectioni which is correct. Again, if P,(A) I 0, (ngyligible
single link trafc) the expressionreducesto g, which
is also correct. Hence we expect the Correlation Model to
performwell underdifferentpatternsof traf c, anobsenation
conrmed in Section VIl. Also obsene that the nal

expressionfor g; after substitutingfor j(;?) , and j(;jl) 1 I8

independeniof P{) I This comesabout becausewe make
the assumptiorthat the probability that a new call occupies
wavelength on link j is independenbf the state of the
wavelengthon link j 1, thatis, P\ is independenof P,

The expressionfor blocking probability cannow be easily

generalizedo higherhop paths.For symboliccorveniencelet
the links on the pathbe numberedL,2,. . , H.
Only the expressionfor gi needbe modied. This is done
as follows. We make use of assumption(A2) to divide the
pathinto two link subsectionsand proceedas beforefor each
two link subsectiorto obtainthe probability of blocking on a
multi-hop pathas

PrfZr = 0g=1 PrfzZg > Qg 27)
and
— i1 C
PrfZg > Og = (1 i g (28)
i=1
where
B 1vi o
g = : iiH (29)

j=1 k=1 ki T P|(J) T )

B. Calculationof StateDependenfArrival Rates

Recall from Section Il, that in order to calculate state
dependenarrival rates,we needto calculatethe probabilities
PrfZr > 0j X; = mg= (1
i=1

g (Xj = m)

(30)
where g (X; = m) is the conditional probability that a set
of i1 wavelengthsis free on the route R given exactly m
wavelengthsarefree onlink j . This may be easily calculated
by splitting the pathinto three independensubsectionsthe
pathconsistingof links beforej , link j, andthepathconsisting
of links afterj .

Then,gi (Xj = m) is modi ed to

W1y m
g(X;=m) = A L iH e

n=1 k=1 kin + Pl(n)(:L k;n) i

néj

if j6H
Hy 1y m
— kin i

(1)

where all symbolsretain their usual meaning.Note that the
summationin (30) runsonly up to m becausenm is an upper
bound on the numberof free wavelengthson the path. The
algorithm for calculating blocking in a network using the
Correlation Model is similar to that given in the previous
sectionand hencewe omit it.



V. FIXED ALTERNATE ROUTING

So far we have assumedthat a call can be routed only
on a single pre-determinedroute. However, a good routing
schemecan reduceblocking and improve e xibility without
addition in hardware costs. We now analysetwo popular
routing schemeswhich allow for a call to be assignedon
an alternateroute,namely Fixed AlternateRouting(FAR) and
LeastLoadedRouting(LLR). Both sharea commonfeaturein
thateachnodepair is allowed a pre-determinedetof possible
alternateroutesfor call setup anddiffer only in the manner
in which the routing algorithm selectsthe alternateroute.
Both scheme$ave their rootsin corventionalcircuit-switched
networks, wherein,trunk resenation was usedto remove bi-
stability. This meansthat a call canbe setup on an alternate
route only if a minimum number of wavelengths(circuits)
(called the resenation parameter)are free. Supposethat the
resenation parameteion the routeis r. Thenthe route must
have at leastr + 1 wavelengthsfree beforea call canbe set
up on it.

In orderto analysesuchschemeswe needto calculatethe
probabilitythatexactly| wavelengthsarefreeon a givenroute.

We do so, by introducinga new variable.Let hy denotethe
probability that exactly a x ed set of k wavelengthsis free
on a givenroute R. All our following argumentspertainto a
speci ¢ routeR andhencewe have droppedthe subscriptfor
clearerexposition. Obsere that all the hys refer to disjoint
events.Thenclearly

X ¢

K hk=1

(32)
k=0
wherehg is the probability that no wavelengthis free on
the route and the probability that exactly | wavelengthsare
free on the routeR is simply

Prfzg = Ig= h (33)

C
I
Using combinatorialaguments,we may expressgg, k =

X< c k
Ok = i
i=0
where the gks retain their original meaning,i.e it is the
probability thata xed setof wavelengthsis free on the route

Pic+ i (34)

we obtain
Xk
(1)

i=0

The above procedurecan be easily extendedto the case
whereexactly m wavelengthsare free on link j of the route
R.
Let h(X; = m) be the probability that exactly a x ed setof
k wavelengthsis free on somegiven route R, given exactly
m wavelengthsarefree on link j. Then

C
k

he = Ok+i (35)

hi(Xj =m) =1 (36)

k=0

and
C k
&(X; =m) = :
i=0
k=1:::m;j:

hi+i (X = m;);

(37)
Solving the above setof equationsfor h,(X; = m), k =
1:::m we obtain
X k _
(1

i=0

he(Xj = m) = Ok+i(Xj = m);

(38)

The probability that exactly | wavelengthsarefree on routeR
given exactly m wavelengthsarefree on link j is
PrfZr = 1jXj = mg= C|: hi(X; = m): (39)

We are now in a position to analysethe two routing
schemegeferredto earlierin the section.In x ed alternate
routing (FAR), possibly the simplestand most widely used
schemean orderedset of routesis assignedo eachsource-
destinationpair. When a call arrives, the RAW algorithm
searcheghe routesin the prescribedorder and assignsthe
rst route which has a free wavelength.In casethe route
is an alternateroute, it must have more free wavelengths
thanits resenation parameterdeforeit canbe assignedFor
simplicity, we assumethat all alternaterouteshave the same
resenation parameter .

Let Ds denotethe direct route for node pair S. Let Ag
denotethe setof alternataoutesfor nodepair S. This excludes
the direct route. We assumethat the alternateroutesare link
disjoint,andhenceblockingon alternateroutesis independent.
This assumptioris not very unrealisticsinceit is desirableto
have link-disjoint alternateroutesto overcomelink failures,
wheneer possible.In casepathsoverlap, the approximation
presentedn [18] to considerthe caseof overlapsis directly
applicable here. Since our main thrust is to shav that our
approachs applicableto alternaterouting, we assumen this
work that alternatepathsare link-disjoint.

According to the above routing scheme,the set up rate

j(m) at link j, given exactly m wavelengthsare free is
calculatedas

X
j(m) = sPrfZps > 0j Xj = mg;
Sj2Ds
ifxm r:
= sPrfZpg > 0jX; = mg+
X' 2Px
S(M)Prfzg > r j X; = mg;
S RiR2A g
i2R
if m>r

(40)

where 5(m) isthetrafc offeredto alternaterouteR by node
pair S given exactly m wavelengthsarefree onlink j.

From the FAR schemethe trafc offeredto an alternate
route R of nodepair S is the over ow trafc resultingfrom



thepreviousR 1 routesbeingblocked.We assumehis traf ¢
to be Poisson,which is a reasonableassumptionwhen the
numberof routesis small. The over ow trafc to route R
from a nodepair S may be calculatedas
r(m) =
s PerDs = O;Zl

wherefl;:::;Rg 2 As. Sincewe assumethat the alternate
routesblock mdependentlywe have

rjXj = mg;

g(m) = sPrfZp, =0jX; =mg
R( 1
PriZt rjX; = mg: (42)
T=1
The probability that a direct route is blocked is given by
PrfZps =0g = hQs;
PriZps = 0jX; =mg = h2s(X; =m): (42)

The probability that an alternaterouteis blocked is given by

X c

rg |
1=0

C

I

hR.

Prf Zr

PrfZg hR (X; = m);

rjXj=mg
1=0
(43)
where either expressionmay be used,dependingon whether
link j lies on the alternateroute or not. Also,
PrfZr >rg=1 PrfZzg rg

Finally, the probability that a call for nodepair S is blocked
is given by

Bs = PI’]‘ZDS = Og PerR
R2A s

ro: (44)

A. Algorithm for computingblocking probabilities

We describebelow, the algorithm for computingblocking
probabilitiesin the network with x ed alternaterouting by the
methodof iteration.We assuméhatthevariableg; wasalready
computedusing methodsgivenin the previous sections.

1) Initialization. Let Bs = 0 8%,

Let (=0 ;(m)=
S:j2Ds

2) Determineqg (3); J = 1;:::;J, usmg(2) and (3).

3) Calculate j(:); j = 1;:::;J using(33) through(41).

4) CalculateBs for all node pawsusmg (44).

If maxs j Bs Bsj< thenterminateElse,let Bs =
Bs, goto step2.

iv m=1::C

B. Algorithm for Computing ; (3)

Do for all S.
Doforl=r;:::;C:
Calculateg. for all R 2 As using(10)
CalculatePrfZg = Ig for all R 2 As using (33) and
(35)
Do for all S.

Doforl=r;:::;C.
CalculatePerR < Ig for all As using(43)
Doforj = 1;:::;3:
Do for m = 1 """ ; C:
Calculate (m) using (40) and (41).

VI.

We analyse Least Loaded Routing for fully connected
networks in this section.Such a schemehas beenanalysed
extensvely for networks with at mosttwo hopsin [10] and
alsoin [2]. Our methodfollows that of [2]. Eachnode pair
has a direct link fjg and a set of alternateroutes denoted
by A;. Henceeachnode pair may be identi ed by its direct
link. When a call arrives for a node pair sayfjg, it is set
up on the direct link if the numberof free wavelengthson
the link, m; > 0. Otherwise,the RWA algorithm attemptsto
assignthe call to the alternateroute with the largestnumber
of free wavelengths We assumeasin the caseof FAR, that
all alternaterouteshave a resenation parameter, so that a
call may be setup on an alternateroute only if it hasat least
r + 1 free wavelengths.In caseof atie, the routesin A are
assumedo be orderedin somefashion,andthe routewith the
smallerindex is chosenDenoteby S;, the setof links (node-
pairs) adjacentto link(node-pair) j. For a link(node-pair)j
denoteby alt(j) the alternateroute chosenaccordingto the
LLR schemedescribedabove.

Basedon the RWA algorithm describedabore, the set up
rate ;(m) onlink j givenexactly m wavelengthsareidle is
calculatedasfollows

LEAST LOADED ROUTING

j(m) = 0 if m=0
= j ifxm r,
= gt k%K (0)h(j; kr;m);if m>r;
k:k2S;
(45)
where
h(j; ke;m) = Prfalt(k) = kr;Zks > rjX; = mg

m > r;kg :j 2 kg (46)
is the probability that node-paitk chosethe alternateroutekg
andthereareatleastr + 1 wavelengthsreeon routekr given
thatexactly m wavelengthsareidle onlink j 2 kgr. Usingthe

chainrule and conditioningon disjoint eventsfZy, = | :

r + 1;:::; mg, we cancalculateh(j; kg ; m) asfollows
h(j; kr;m) = PriZy, = 1jX; = mg
I=r+1
Prfalt(k) = kr j Zkz = I;X; = mg
= f (; kr;m; 1)9(; kr:1) (47)
I=r+1
where
f(; ke;m;l) = PrizZy, =1jX; =mg
C
h|(Xj = m) (48)



and

9(; kr;l) = Prfalt(k) = kg j Zke = 19 (49)
Notethatg(j; kr;I) is the probability thatnode-pairk choses
alternateroute kg given that there are | wavelengthsfree
on that route. This is independentof the event X; = m

and is simply the probability that routesprecedingkgr have
lessthan| wavelengthsfree and thosefollowing kg have at

mostl wavelengthsfree. The expressiornfor g(j; kg ;1) canbe

calculatedin accordancevith the LLR schemeas

oG k1) = Prialt(k) = ke | Z, 5 19
= PrfZy, < lg
kt 2A  (kr)

PerkT
kt 2A i (kr)*

lg
(50)

where A, (kr) denotesthe set of routesin Ay preceding
kr andA; (kr) is the setof routesfollowing kg in the the
assumeardering.The probabilitiesin theabove equatiormay
be calculatedusingequation(43) which wasderivedin thelast
section.

The probability that a nodepair j is blocked is given by

B; = PrfX; = Og PriZg
R2A

ro: (51)

We reproducebelon an algorithm originally proposedin [2]
for computingthe blocking probabilitiesin a network with
LeastLoadedRouting.

A. Algorithm for computingblocking probabilities

Let ;(0)=0;
2) Determineg; (:);
3) Calculate j(:);
4) CalculateB; for all node-pairsusing(51).

If max, j Bj Bjj< thenterminateElse,let Bj =

Bj, goto step2.

i(my= j; m=1L::;C
j = 1;:::;3; using (2) and (3).

B. Algorithmfor Computing ; (:)

Calculateg; for all R 2 A; using(10)

CalculatePrfZr = Ig for all R 2 A; using (33) and
(35)
Doforj = 1:::;J.

Calculateg(k; kg ;1) for all k 2 S; using (50)
Doforj = 1;:::;3:
Doforallk2 S

VIIl. RESULTS AND NUMERICAL COMPUTATION

In this sectionwe analysethe compleity of the techniques
presentedn this work and also examine their accurag by
applying them to various topologies under different traf ¢
patterns.

A. Compleity

Oneof themainaimsof this papemwasto proposeanalytical
modelswith reducedcomplexity to enablethe study of large
networks. We now study the compleity of the varioustech-
niguespresentedn this paperand alsocomparethemagainst
thosepresentedn [2].

The stateprobabilitiesg (m) (2) requireO(C) computation
for eachlink. The coefcients (6) requireO(C) computation
for eachlink and the path blocking computationcompleity
is O(HC) (9) and (10). For the correlationmodel, the only
differenceis that the path blocking computationcomplexity
is O(H C?). To the bestof the authors' knowledge, these
techniquesare simplerwith lower computationoverheadthan
ary of theexisting modelswith the exceptionof [1] whichwas
formulatedfor staticscenarioonly. In spite of the simplicity,
aswe shall obsene, our resultsare quite accurate.

The compleity of computationof route blocking for the
techniquepresentedn [2] is O(CH) for x ed routing, which
limits its applicability to small densenetworks. We highlight
this computationaladvantageby presentingresults of time
taken for computationfor two networks, the 6-nodering and
the 21 node ARPA-2 network, in Tablel. All computations
weredoneon a SunUltra SFARC systenrunningat 150 MHz.
The maximumhop- lengthin the 6-NodeRing was 3, andfor
the ARPA-2 network, it waslimited to 4. As canbe seenfrom
the results,the Independencand CorrelationModels are far
superiorthan[2] in termsof time compleity. Although, not
explicitly evident, the Independencenodel gives exactly the
sameresultsasthe modelin [2]. This is becauséoth models
male the sameassumptionsand calculatethe numberof free
wavelengthscorrectly albeit in different ways, under these
assumptions.

The computationrequirementdor Fixed Alternate Routing
are O(SRC?) + O(JSRC) whereS is the total numberof
node pairs and R is the averagenumberof routesfor each
node pair. This assumeghat computationsare done using
the Independenc#&lodel. LeastLoadedRoutingcomputations
requirementsre similar to thoserequiredin [2] becausenly
two hopswereconsideredalthoughouranalysiscanclearly be
extendedto larger numberof hopswithout signi cant increase
in compleity.

B. NumericalResults

We now presentresultsof both our techniquedor a variety
of topologiesand comparethem againstsimulationsto study
their accurag. Our goal is to demonstratehe effectiveness
of the modelsin termsof scalability and accurag. For x ed
routing, 4 topologieswere chosen,a 6 nodering, a 12 node
ring, a 13 node Mesh network (Figure 1), and the 21 node
ARPA-2 network (Figure 2). The ring networks were chosen



Birman's | Indepe-| Corr
Network Model -ndence | -elation
(secs) (secs) (secs)
Ring,C = 8 3.89 0.06 0.09
Ring,C = 16 69.72 0.29 0.42
ARPA-2,C = 8 263.02 0.29 1.73
ARPA-2, C = 16 | 2.02 10* 1.73 3.26
TABLE |

TIME COMPLEXITY OF THE THREE MODELS FOR THE ARPA-2 AND
6—NODE RING NETWORK. ALL TIMES ARE IN SECONDS, AND C REFERS
TO THE CAPACITY OF EACH LINK.

to study the ef cacy of our methodswhen appliedto sparse
networks,andthe MeshandARPA-2 werechoserasexamples
of two arbitrarytopologies Calculationsveredonefor 16 and
32 wavelengthsfor all topologies.For the ARPA-2 and 12
nodering networks, we also computeblocking probabilities
with 64 wavelengths The maximumhop lengthwasrestricted
to 3 for the 6-Nodering, 6 for the 12-Nodering, and 5 for
the 13-NodeMeshandthe 21-NodeARPA-2 network. Routes
were constructedusing minimum hop routing and number18
in the 6 nodering, 72 in the 12 nodering, 73 in the Mesh
network, and 76 routesin the ARPA-2 network. For the ring
networks, a single path was chosefor each possiblenode-
pair (unordered)For the 13 nodemeshand ARPA-2 network,
node-pairswere chosenrandomly and when multiple paths
betweennode-pairswere present,at most 3 were randomly
selected,in which casethe trafc was split equally over all
paths.The accurag of our modelswere studiedunderthree
differenttraf c patternsThey canbe compactlywritten by the
equation

Th=q' ' T (52)
whereT,; is thetrafc onai-hoppath.Threevaluesof q were
chosen:

g = 1.0 Uniform Trafc

g = 0:5 Trafc dominatedby smaller hop routes (low
correlation)

g= 1.5 Trafc dominatedby larger hop routes(signi -
cantcorrelation)

By varyingthe parameteq we cancovertherangeof link load
correlationintroducedby the wavelengthcontinuity constraint.
For simulations,4,00,000calls were taken in eachbatchand
20 batcheswere run for eachload, The datapoints reported
arein the 95 % con denceinterval. When using the iterative
algorithmfor analysis,terationswere stoppedwhenblocking
estimatesn successie stepsdiffered by lessthan = 10 ©.

C. Fixed Routing

We now discussour results for eachtrafc patternand
network. For x edrouting, we presentresultsonly for 32 and
64 wavelengths.Resultsfor other networks and wavelengths
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Fig. 1. A 13 Node18 Link Mesh Network

Fig. 2. The 21 Node 26 Link ARPA-2 Network

underthe differenttrafc patternsare similar and the obser
vationswe make are valid for them also. Hencewe do not
repeatthese gures here.

For the ARPA-2 network (Figure 3) andthe 13 nodeMesh
network (Figure 7) we seethatthe Independenc&lodel gives
reasonableestimatesto the blocking probability for uniform
trafc (g = 1:0). The estimatesobviously improve when
the multi-link trafc is less (g = 0:5) as shown for the
ARPA-2 network in Figure 4 becauseof lower correlation.
However, when correlationincreases(q = 1:5), the results
of the Independencenodel degradefor the ARPA-2 network
(Figure5) becausehe approximatiorthat setsof wavelengths
on adjacentinks areindependenis no longeragoodone.The
CorrelationModel is seento give fairly goodresultsfor both
thesetopologiesunderall traf ¢ conditionsascanbe expected
from the original formulation. The accurag of the correlation
model can be seenfrom the hop wise blocking probability
plottedin Figures6 and8 for the ARPA-2 and13 nodemesh
network respectiely.

Results of the 6 node and 12 node ring networks ac-
centuatethis the differencebetweenthe Correlationand the
Independenc&lodel in handlingwavelengthcorrelation.The
Independencenodeloverestimateshe blocking for the 6 node
ring (Figure 9) aswell asthe 12 nodering (Figure 10) though
the resultsare not too badfor the 6 nodering becauseof the
short paths. The resultsimprove only mamginally for the 12
nodering undernon-uniformtraf ¢ with reducedcorrelation
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(q= 0:5) (Figure 11) andthe estimatesare off by more than
two ordersof magnitudewhenthe correlationincreasegq =
1:5) (Figure 12) con rming results of previous researchers
that sparsenetworks introduce signi cant wavelengthcorre-
lation. The accurag of the Correlation Model in handling
this correlationis con rmed by applicationto suchnetworks.
Underall traf ¢ patternsfor both the ring networksit is seen
to give reasonableestimates. We hence concludethat the
Independenc&lodel givesfair estimatedor topologieswhich
arewell connectecand have traf ¢ patternsthat resultin low
to medium correlation,while the CorrelationModel may be
usedon a wide variety of networks evenwhenconnectvity is
sparseandtraf c patternsinducelarge correlation.To check
the effectivenessof our modelswhenthe capacityof the link
increaseswe presentblocking probability computationsfor
the ARPA-2 Network (Figure 13) and 12 nodering (Figure
14) with 64 wavelengthsper link and uniform trafc. Due
to the large numberof wavelengthsthe combinatorialterms
can introduceround off errors. We removed such errors by
ignoring the extremely small blocking probabilitiesaswell as
negative blocking probabilities since they would have been
causedby round off errorsin extremely small values and
as such,do not impactthe nal solution much. The gures
shav thatour modelsfollow the simulationreasonablylosely
demonstratinghe scalability of the model.

D. Alternate Routing

For Fixed Alternate Routing, we have chosenthe 6-Node
Ring with 16 wavelengths Eachnode-pairhasa directandan
alternateroute, and thereare 18 suchnode pairs. We present
resultsof only thelndependencModel andsimulationsn Fig-
ure 16 sincewe arestill researchinghe problemof estimating
the correlationcoefcients for the CorrelationModel undera
routing schemeapartfrom x ed routing. Ad hoc extensionof
themethodexplainedin SectionlV to Fixed Alternateor Least
LoadedRoutingleadsto anunderestimatioof the blockingin
the network. As of now, we do not know why this is so. Least
Loaded Routing was studied on a 4-Node fully connected
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network with 16 wavelengthsand uniform trafc. Again,
resultsare shovn in Figure 17 for the IndependencéModel

andsimulations.We obsene that the estimatesarereasonable

and may be usedfor analytical purposes.n caseof Fixed
Alternate routing (Figure 16) we note that thoughthe model
deviatesfrom the simulationat higherblockingprobabilities,t

providesa goodapproximationat lower blocking probabilities
which is the important region when consideringproblems
like dimensioningof the network. For leastloaded routing
our modelis very accurate closely following the simulation
results.

VIII. CONCLUSIONS

We have proposedtwo analyticaltechniquesof low com-
plexity, the Independencélodel and the CorrelationModel,
for the study of wavelengthrouted networks with arbitrary
topologyandtraf ¢ patternsBoth modelsinvolve only simple
computationsandcanbe usedfor fastcalculationsof blocking
probabilities. Through computationswve have shown that the
Independencélodel gives good estimatesvhen the network
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is well connectedand the Correlation Model is accurate [18] G. N. RouskasY. Zhu and H. G. Perros. A Path Decomposition

even for sparsenetworks under x ed routing. The simplicity

of our models can be exploited when computing blocking

probabilitiesin reasonablyarge networkswith alarge number
of wavelengthsas shown in this paperfor the ARPA-2 and
12 nodering networks with 64 wavelengths.The Correlation
Model however is not insensitve to the directionin which we

proceedalongaroutewhenwe computethe blockingandmay
lead to incorrectresultsunderhighly skewed trafc patterns.
Neverthelessye believe sucheventsareunlikely to happenn

practiceand that the modelis quite usefulin obtaininggood
and quick estimatesof blocking that would be bene cial in

computationgo dimensionnetworks. We have also extended
theIndependenc&lodel to studyFixed AlternateRoutingand
LeastLoadedRoutingandfoundit to give goodresultsin the
region of interest,ie., low blocking probability.
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